The decay of a metastable false vacuum by bubble nucleation is studied in the high temperature limit of the gauge theory in which an SO(3) gauge symmetry is spontaneously broken to an SO(2). The effects of internal symmetry are so drastic that, in addition to the known Euclidean bounce solution, there exists a new bubble solution involving a 't Hooft-Polyakov monopole at its center the moment it is nucleated. The decay rate and evolution are analyzed.
Introduction
Since the Euclidean bounce solution of a scalar field theory has been introduced for a description of first-order phase transition, the scalar sector of a given model determines mainly the metastable decay process [1, 2] . For cosmological phase transitions in the early universe, two more ingredients are needed to be included: one is gravitation [3] and the other may be temperature [4] . When a spontaneous continuous symmetry breaking is taken into account, an enhancement of the tunneling is expected [5] . However, the uniqueness of the bounce O(3) symmetric solution as a nucleated bubble [6] has never been doubted before three of the authors reported the global monopole-bubble solution in the model of a scalar triplet with global SO(3) symmetry [7, 8] .
In this paper, we will address the same question to a gauge theory of SO (3) symmetry, and
show that there exists another gauged monopole-bubble solution in which the center includes a 't Hooft-Polyakov monopole [9] . The nucleation rate of gauged monopole-bubbles is lower than that of the bounce, but it is higher than that of global monopole-bubbles. Particularly, when the mass of monopole becomes small in the strong gauged coupling limit, the decay channel through a gauged monopole-bubble with thick wall is quite considerable in the limit of high temperature. If the size of a nucleated gauged monopole-bubble is smaller than its critical size, the bubble wall starts to shrink and then the monopole at its center disappears. On the other hand, for the opposite case, the bubble wall grows and the monopole survives safely.
The remainder of this paper is organized as follows. In Sec. II we demonstrate the existence of a new gauged monopole-bubble solution in addition to the known bounce and the global monopole-bubble solution. In Sec. III we compute the nucleation rates of those solutions and present the evolution of bubbles. Section IV contains some brief concluding remarks.
Gauged Monopole-bubble Solution
The Euclidean action of Georgi-Glashow model with an SO(3) gauge symmetry is
where the field strength tensor is
In order to describe a first-order phase transition, we choose a φ 6 -potential:
where the scalar amplitude φ is defined by φ = √ φ a φ a (a = 1, 2, 3), and a parameter α (0 < α < 1/2) governs the transition rate from the symmetric false vacuum at φ = 0 to a broken true vacuum at φ = v.
In the high temperature limit, i.e., β → 0, a static electrically-neutral object satisfies
3)
The ordinary bounce configuration is obtained under the ansatz of the scalar field φ a = (0, 0, f (r)) with boundary conditions, df /dr| r=0 = 0 and f (r = ∞) = 0. Here one may ask a question whether or not the gauge field affects the bounce configuration. Since the SO(3) gauge symmetry is spontaneously broken to an SO(2) symmetry and the first two components of the scalar field vanish, the gauge field decouples from the bounce solution. Therefore, even under a general ansatz for the electrically-neutral gauge field [10] , it is easy to show decoupling of the gauge field from the bounce solution [11] . In this paper we are interested in a different bubble solution which is obtainable under the hedgehog ansatz: 
Note that the ordinary bounce solution φ a b corresponds to K = 0 solution where a Dirac monopole in Eq. (2.5) decouples from this solution [1] , and that the global monopole-bubble φ a gm is supported by the replacement from K(r) 2 in Eq. (2.6) to 1 only when the gauge coupling e vanishes because of Eq. (2.7) [7, 8] . The first-order transition from a symmetric false vacuum (φ = 0) to a true broken vacuum (φ = v) when 0 < α < 1/2; possible boundary conditions are read as follows: regularity of the fields at the origin gives 8) and the spatial infinity should be in the initial setting before transition:
Of course, the trivial solution of false symmetric vacuum, i.e., φ = 0 and K = 1, is an unwanted one. Therefore, as shown in Fig. 1 , the nontrivial bubble solution of our interest is: φ(r) increases from φ = 0 at the beginning, reaches a maximum value φ max , and decreases to 0 as r goes to infinity. On the other hand, K(r) starts to decrease from 1, arrives at a minimum, and then grows up to 1 at spatial infinity.
To read the physics of the obtained sphaleron-type monopole-bubble solution, let us examine energy density:
For small r we attempt a power series solution:
which is formally odd under r → −r, and
which is even in form under r → −r. Here m denotes the mass of scalar particles at the symmetric vacuum, i.e.,
is a monotonic increasing function bounded below 1. It means that any solution with a negative κ 0 cannot satisfy the boundary condition (2.9) at spatial infinity, and thereby κ 0 must be positive. A characteristic of this new monopole-bubble, which makes it distinguished from the ordinary bounce configuration, is to have a matter lump at the center of the bubble. If we look into the behavior of energy density for small r by use of the formulas (2.11) and (2.12), it has
The first term in Eq. In the case of global monopolebubbles, the existence of this wall is automatic since κ 0 is zero and the second term is always positive [7, 8] . However, when the gauge coupling is sufficiently large so as to make the second term negative, strong gauge repulsion can sweep the monopole wall away and the energy density is a decreasing function near the origin, as shown in the dashed line of Fig. 2 .
At the asymptotic region for large r, the scalar field approaches the boundary value in Eq. (2.9) exponentially,
14)
The gauge field has a long range power tail because the gauge boson becomes massless in the symmetric phase, where κ ∞ should also be nonnegative for the same reason as κ 0 is in Eq. (2.12). Outside the bubble wall, the vacuum is in the symmetric phase with φ = 0, and the SO(3) gauge field is massless. Specifically, the magnetic field looks like that of a dipole:
The corresponding leading term of the energy density, T 0 0 − V (0), in Eq. (2.10) is of order 1/r 6 , and this fast decay can also be read from Fig. 2 . This means that the monopole at the center is screened by the bubble wall.
In the remainder of this section we make analytic arguments on the properties of gauged monopole-bubbles under the thin-wall assumption. If the energy gap between the false vacuum and the true vacuum, ∆V ≡ V (0) − V (v) = λαv 4 , is small enough, the bubble radius becomes much larger than both of the monopole size and the width of bubble wall, and we may adopt the thin-wall approximation. The typical scale of the monopole core or the outer wall is given ∼ 1/m H by the configuration of the Higgs field, while it is given ∼ 1/ev by the configuration of the gauge field. Here we assume that both scales are much smaller than the bubble radius, and therefore we implicitly exclude the weak coupling case e ≪ 1. First, let us consider the behavior of the fields near the maximum scalar amplitude φ max , which is close to v (see the solid lines in Fig. 1 ). Around φ = φ max , the derivative of the scalar field dφ/dr is close to zero, and the slope of the potential dV /dφ is almost flat. Therefore, if the corresponding value of K at the turning point r turn with φ(r turn ) = φ max is negligibly small, which will turn out to be indeed the case, the scalar field equation (2.6) implies that the quadratic derivative of the potential d 2 V /dφ 2 is also very small near φ max .
Thus we see that φ stays near φ max for a long range of r. In this case, the first term of the right-hand side of Eq. (2.7) becomes negligible near φ ≈ φ max since r turn is large enough. Therefore, K falls to zero exponentially, i.e., K ∼ e −eφmaxr , where the scale eφ max ≈ ev in the exponential is nothing but the mass of gauge boson in the Higgs phase. We can also confirm that φ approaches exponentially to the true vacuum expectation value v, i.e., φ ≈ v − φ max e −m H r /m H r where φ turn is a constant to be fixed by boundary conditions (2.8) and (2.9).
Secondly, we discuss how energy density is distributed in the region between the monopole core and the bubble wall. Because this region is in a symmetry-broken phase of which the breaking pattern is SO(3)→SO(2), one of the three internal gauge degrees remains massless and it is to be identified as the photon field described by
Inserting the monopole ansatz (2.5) into Eq. (2.17), we obtain zero electric field but in contrast the magnetic field with the monopole charge g = 1/e, i.e., F ij = ǫ ijara /er 2 . Since φ ≈ v and K ≈ 0 around r = r turn , one can easily notice that the contribution of the magnetic field comes from the first term of Eq. (2.17), and then identify the matter lump produced at the center as a 't Hooft-Polyakov monopole [9] . If we look at the expression of energy density (2.10) near φ = φ max ∼ v,
the above leading term is interpreted as magnetic energy of a 't Hooft-Polyakov monopole, and its total energy is finite when we do not take into account the contribution from latent heat term V (v). This is different from the global monopole-bubble case, where the produced global monopole contributes a 1/r 2 term to energy density, since this scalar phase term, which would make the energy diverge, is eaten up by the gauge field. Finally, we argue how the gauge field affects the bubble size. Let us estimate the radius by Coleman's action-minimum method [1, 13] . After assuming spherical symmetry and the hedgehog configuration (2.5), the action (2.1) is reduced to
By the thin-wall assumption, the core is approximately described as a 't Hooft-Polyakov monopole, and we may approximate φ = v and K = 0 between the monopole core and the bubble wall. Then the difference between the action for a gauged monopole-bubble and that for the false vacuum is
where R is the bubble radius, and σ φ and M L are constants, which are defined as
Similarly, for a normal bubble and a global monopole-bubble, we obtain
Each radius is determined by the condition dB/dR = 0:
What we need is an inequality among R b , R gm , R lm rather than a complicated expression of R lm . Thus we evaluate
where the last inequality is supported by the initial assumption R ≫ 1/ev. Because R lm is a local maximum of B lm , Eq. (2.25) imply
We may interpret that the bubble radius is mostly determined by energy inside the bubble.
Nucleation Rate and Evolution
We begin this section by comparing the nucleation rates of the bounce and of gauged monopole-bubbles. In the semiclassical approximation, the decay rate per unit volume is estimated by the use of the leading exponential factor which is given by the Euclidean action of the bubble solution [1] , multiplied by a prefactor determined by zero modes of the fluctuation [2] . When a continuous symmetry or a part of it is spontaneously broken, the number of zero modes increases and then the tunneling rate into vacua is enhanced [5] . In the present model, the SO(3) gauge symmetry is broken to an SO(2) symmetry and we have two bubble solutions; the relative decay rate between the bounce φ a b and the gauged monopole-bubble φ a lm is meaningful:
where primed determinants denote infinite products over the nonzero eigenvalues, which are assumed to be order 1 here. The value of the action in Eq. (3.27) is estimated after removing the constant vacuum energy density at the metastable symmetric vacuum, that means S(φ = 0) = 0 in Eq. (3.27). In order to see the leading effect, we plot in Fig. 3 the values of the Euclidean actions for a bounce, gauged monopole-bubbles (e = 0.3 and 0.91), and global monopole-bubble for e = 0. As expected, the bounce has always the minimum action irrespective of the thickness of the bubble wall (or equivalently the parameter α) (see Fig. 3 ) so that it forms a dominant decay channel (see Table 1 ). The difference of the Euclidean actions is almost a constant for a given gauge coupling e, and it is roughly the monopole mass multiplied by inverse temperature.
The values of the Euclidean action decrease as the gauge coupling increases. If we recall the mass formula 4πv/e of BPS monopole of unit winding [12] , one may easily notice that this gap decreases in the strong coupling limit. This behavior can easily be understood by rescaling the variables to the dimensionless ones:
Then the action is rewritten as S ∼ (4πvβ/e) ×(dimensionless energy), which reflects the decrease of the monopole mass for strong gauge coupling. If we take into account the enhancement due to the prefactor in Eq. (3.27), we may obtain even an unbelievable relative decay rate in the high temperature limit, e.g., Γ m /Γ b > 1 when vβ = 0.1 and α = 0.4. However, since the transition pattern becomes weakly first-order at such high temperature, the above result does not imply a possibility that the decay through a monopole-bubble is dominant decay channel. Instead, it means that in a high temperature (vβ ∼ 1) the relative production rate is considerable for thick-wall bubbles (α ≈ 0.4) with strong gauge coupling (e ∼ 1) (see Table 1 ). For reference we give the values of the Euclidean action for the global monopole-bubbles when e = 0, which are always larger than those of the gauged monopole-bubbles because of their long energy tail proportional to the radius of the global monopole-bubble.
Completion of the first-order phase transition is achieved by the growth and percolation of nucleated bubbles. The actual process is complicated because our O(3) bounces and gauged monopole-bubbles are generated at high temperature. However, one simple but
probably correct way is to analyze the time-dependent field equations with appropriate initial configurations. The obtained Euclidean solution is time-independent both in Euclidean spacetime and in Lorentzian spacetime, and it therefore does not evolve in itself. Hence we give small radial fluctuations to the static solution as an initial configuration, and solve the time-dependent field equations numerically. If the bubble radius is smaller than the critical radius, both the bounce and the gauged monopole-bubble collapse; so does the magnetic monopole at its center. On the other hand, as Fig. 4 shows, if it is larger than the critical radius, the bubble wall starts to grow and the magnetic monopole remains to be stable with small damped oscillation. The thick wall of the monopole-bubble becomes a thin wall. We with e = 1, λ = 1, and vβ = 1 when we set the ratio of determinant factors to be 1. also find the the velocity of the wall approaches the light velocity. Of course, inclusion of radiation is needed to obtain the bubble dynamics more precisely. Here we just give a short comment on this topic: since we have three massless gauge bosons outside the bubble wall and only one photon inside it, the expected pressure difference may decrease the terminal velocity of the wall.
Concluding Remarks
We have seen that when a first-order phase transition in the gauge theory in which the symmetry breaking pattern is SO(3)→SO(2) is considered in the high temperature limit; a new gauged monopole-bubble solution was found. It is distinguished from the known Euclidean bounce by the production of a 't Hooft-Polyakov monopole at the center of the bubble the moment it is nucleated. The production rate of monopole-bubbles is smaller than that of the bounce, but it is considerable for thick-wall cases with strong gauge coupling in the limit of high temperature. When the size of a nucleated bubble is larger than the critical size, the bubble wall starts to move outward so that the magnetic monopole remains stable in the bubble at least before bubble collision. In a theoretical sense, the existence of such a gauged monopole-bubble solution demonstrates clearly a possible drastic effect of the gauge field on bubble nucleation. Although it is important to understand the evolution of the gauged monopole-bubble through zero-modes, the stability including angular fluctuations is left for future work. The realization of these monopole-bubbles in a real material is not known yet. 
